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Algorithms

An algorithm is a set of rules for getting a specific output from

a specific input. Each step must be so precisely defined it can

be translated into computer language and executed by machine

en years ago the word “algorithm”

was unknown to most educated

people; indeed, it was scarcely
necessary. The rapid rise of computer
science, which has the study of algo-
rithms as its focal point, has changed all
that; the word is now essential. There
are several other words that almost, but
not quite, capture the concept that is
needed: procedure, recipe, process, rou-
tine, method, rigmarole. Like these
things an algorithm is a set of rules or
directions for getting a specific output
from a specific input. The distinguishing
feature of an algorithm is that all vague-
ness must be eliminated; the rules must
describe operations that are so simple
and welldefined they can be executed by
a machine. Furthermore, an algorithm
must always terminate after a finite
number of steps.

A program is the statement of an al-
gorithm in some well-defined language.
Thus a computer program represents an
algorithm, although the algorithm itself
is a mental concept that exists indepen-
dently of any representation. In a simi-
lar way the concept of the number 2
exists in our minds without being writ-
ten down. Anyone who has prepared a
computer program will appreciate the
fact that an algorithm must be very pre-
cisely defined, with an attention to detail
that is unusual in comparison with the
other things people do.

Programs for numerical problems
were written as early as 1800 B.c., when
Babylonian mathematicians at the time
of Hammurabi gave rules for solving
many types of equations. The rules were
stated as step-by-step procedures ap-
plied systematically to particular nu-
merical examples. The word algorithm
itself originated in the Middle East, al-
though at a much later time. It comes
from the last name of the Persian schol-
ar Abu Ja‘far Mohammed ibn Misi al-
Khowarizmi, whose textbook on arith-
metic (about A.p. 825) had a significant
influence for many centuries.

Traditionally algorithms were con-
cerned solely with numerical calcula-
tion. Experience with computers has
shown, however, that the data manipu-
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lated by programs can represent virtual-
ly anything. Accordingly the emphasis
in computer science has now shifted to
the study of various structures by which
information can be represented, and to
the branching, or decision-making, as-
pects of algorithms, which allow them
to follow one or another sequence of
operations depending on the state of af-
fairs at the time. It is precisely these fea-
tures of algorithms that sometimes
make algorithmic models more suitable
than traditional mathematical models
for the representation and organization
of knowledge. Although numerical al-
gorithms certainly have many interest-
ing features, I shall confine the follow-
ing discussion to non-numerical ones in
order to emphasize the fact that algo-
rithms deal primarily with the manipu-
lation of symbols that need not repre-
sent numbers.

Searching a Computer’s Memory

In order to illustrate how algorithms
can fruitfully be studied, I shall consider
in some depth a simple problem of re-
trieving information. The problem is to
discover whether or not a certain word,
X, appears in a table of words stored in a
computer’s memory. The word x might
be the name of a person, the number of a
mechanical part, a word in some foreign
language, a chemical compound, a cred-
it-card number or almost anything. The
problem is interesting only when the set
of all possible xs is too large for the
computer to handle all at once; other-
wise one could simply set aside one loca-
tion in the memory for each word.

Suppose n different words have been
stored in the computer’s memory. The
problem is to design an algorithm that
will accept as its input the word x and
will yield as its output the location j
where x appears. Thus the output will be
a number between 1 and n, if x is pres-
ent; on the other hand, if x is not in the
memory, the output should be 0, indi-
cating that the search was unsuccessful.

It is, of course, easy to solve this prob-
lem. The simplest algorithm is to store
the words in locations 1 through n and to
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look at each word in turn. If x is found in
location j, the computer should output j
and stop, but if the computer exhausts
all n possibilities with no success, it
should output 0 and stop. Such a de-
scription of the search strategy is proba-
bly not precise enough for a computer,
however, and so the procedure should
be stated more carefully. It might be
written as a sequence of steps in the fol-
lowing way:

Algorithm A; sequential search.

Al. [Initialize.] Set j— n. (The arrow
here means that the value of variable j is
set equal to n, the number of words in
the table to be searched. This is the ini-
tial value of j. Subsequent steps of the
algorithm will cause j to runthrough the
sequences of values n, (n — 1), (n — 2)
and so on until it reaches either 0 or a
location containing the input word x.)

A2. [Unsuccessful?] If j = 0, output j
and terminate the algorithm. (Otherwise
go on to step A3.)

A3. [Successful?] If x = KEY[/], out-
put j and terminate the algorithm. (The
term KEY[/] refers to the word stored at
location j.)

A4. [Repeat.] Set j—j — 1 (decrease
the value of j by 1) and go back to
step A2.

This algorithm can be depicted by a
flow chart that may help a person to
visualize the steps [see illustration on
page 65]. One reason it is important to
specify the steps carefully is that the al-
gorithm must work in every case. For
example, the informal description given
first might have suggested an erroneous
algorithm that would go directly from
step Al to step A3; such an algorithm
would have failed when n = 0 (that is,
when no words at all were present),
since step A1 would set j to 0 and step
A3 would refer to the nonexistent
KEY[O0].

It isinteresting to note that Algorithm
A can be improved by giving meaning to
the notation KEY[0], allowing a word to
be stored in “location 0" as well as in
locations 1 through n. Then if step Al
sets KEY[0] — x as well as j — n, step A2
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can be eliminated and the search will go
about 20 percent faster on many ma-
chines. Unfortunately for program-
mers, the most commonly used comput-
er languages (standard FORTRAN and co-
BoL) do not allow 0 to be employed as an
index for a memory location; thus Algo-
rithm A cannot be so easily improved
when it is expressed as a program in
those languages.

Algorithm A certainly solves the
problem of searching through a table of
words, but the solution is not very good
unless the number of words to be
searched is quite small, say 25 or fewer.
If n were as large as a million, a simple
sequential search would usually be an
unbearably slow way to look through

INPUT

the table. We would hardly go to the
expense of building such a large table
unless we expected to search it frequent-
ly, and we would not want to waste any
time during the search. Algorithm A is
the equivalent of looking for someone’s
telephone number by going through a
telephone directory page by page, col-
umn by column, one line at a time. We
can do better than that.

The Advantage of Order

It is, in fact, instructive to consider a
telephone directory as an example of
such a large table of information. If one
were asked to find the telephone number
of someone who lives at 1642 East 56th

Street, there would really be no better
way than to do a sequential search
equivalent to Algorithm A, since a stan-
dard telephone directory is not orga-
nized for searches according to address.
On the other hand, when one looks up
someone’s name, it is possible to take
advantage of alphabetical order. Alpha-
betical order is a substantial advantage
indeed, since a single glance at almost
any point in the directory suffices to
eliminate many names from further
consideration.

If the words of a table appear consis-
tently in some order, there are several
ways to design an efficient search proce-
dure. The simplest procedure starts by
looking first at the entry in the middle of

SEQUENTIAL-SEARCH ALGORITHM (Algorithm A in the text
of this article) looks for an input word in a table where the entries
have not been arranged in any particular order. This table has 25 en-
tries, or keys: KEY[1], KEY[2] and so on up to KEY[25]. Each key
is a person’s name. Suppose the input word is the name “Grant”. Al-
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gorithm A searches for “Grant” by comparing it first with KEY[25],
which is “Wilson”, then with KEY[24], which is “Taft”, and so on.
Here “Grant” is found to be KEY[17], so that the algorithm outputs
“17” (top). If input had been “Gibbs”, Algorithm A would have com-
pared “Gibbs” with all keys and output would have been 0 (bottom).
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the table. If the desired word x is numer-
ically or alphabetically less than this
middle entry, the entire second half of
the table can be eliminated; similarly, if
x is greater than the middle entry, one
can eliminate the entire first half. Thusa
single comparison yields a search prob-
lem that is only half as large as the origi-
nal one. The same technique can now be
applied to the remaining half of the ta-
ble, and so on until the desired word x is
either located or proved to be absent.
This procedure is commonly known as a
binary search.

Although the ideas underlying binary
search are simple, some care is neces-
sary in writing the algorithm. First, in a
table that has an even number of ele-
ments there is no unique “middle” entry.
Second, it is not immediately clear when
to stop in the case of an unsuccessful
search. Teachers of computer science
have noticed, in fact, that when students
are asked to write a binary-search proce-
dure for the first time, about 80 percent
of them get the program wrong, even
when they have had more than a year of
programming experience! The reader
who feels that he understands algo-
rithms fairly well but has never before
written a binary-search algorithm might
enjoy trying to construct one before
reading the following solution.

Algorithm B; binary search. This al-
gorithm employs the same notation as
Algorithm A. Moreover, it is assumed
that the first word, KEY[1], is less than
the second word, KEY[2], which is less
than the third word, KEY[3], and so on
all the way up to the last word, KEY[n].
This condition can be written KEY[1]
< KEY[2]< KEY[3]< - < KEY][n].

B1. [Initialize.] Set /—0, r—n + 1.
(The letter / stands for the left boundary
of the search and r stands for the right
boundary. More precisely, KEY[/] can-
not match the given word x unless the
location j is both greater than / and less
than r.)

B2. [Find midpoint.] Set j—(/ + r)/
2]. (The brackets | | mean “Round down
to the nearest integer.” Thus if (/ + r) is
even, jissetto (/ + »)/2;if (/ + r) is odd,
jissetto(/+r—1)/2)

B3. [Unsuccessful?] If j = /, output 0
and terminate the algorithm. (If j equals
/, then » must be equal to / + 1, since ris
always greater than /; therefore x cannot
match any key in the table.)

B4. [Compare.] (At this point j > /
and j< r.) If x = KEY[/]. output j and
terminate the algorithm. If x< KEY[/],
set r—j and return to step B2. If
x > KEY[/], set /—j and return to step
B2.

A play-by-play account of Algorithm
B as it searches through a table of 25
names is shown in the illustration on the
next page.

It seems clear that binary search (Al-
gorithm B) is much better than sequen-

START

Al j-

A3 x = KEY[j]?

NO

A4. /(—I—1

4

YES

YES
—_— OUTPUT

STOP

FLOW CHART FOR ALGORITHM A illustrates the logical path by which the brute-force
sequential search looks for an input word x in a table of n keys. The algorithm searches for x by
comparing it first with KEY[n], then with KEY[n — 1], then with KEY[n — 2] and so on. If x
matches some KEY([j], the algorithm outputs j, the location at which x was found. If x is not in
the table, the output of the algorithm is 0. Arrow in step Al (j— n) means “Set j equal to n” in
that step. Step in each box is explained in detail in the fuller form of Algorithm A in third col-
umn of text on page 63. On the average Algorithm A must search half of the table to find x. In
the worst case, if x is at KEY([1] or if x is not present, Algorithm A mustsearch the entire table.

tial search (Algorithm A), but how
much better is it? And when is it better?
A quantitative analysis will answer
these questions.

Quantitative Analysis

First let us analyze the worst cases of
algorithms A and B. How long can it
possibly take each algorithm to find
word x in a table of size n? The answer
is easy for Algorithm A. If x equals
KEY][1], or if x is not in the table at all, it
will take n executions of step A3; that is,
the desired word x must be compared
with all n entries in the table before the
search stops. Furthermore, the algo-
rithm will never execute step A3 more
than n times. When sequential search is
applied to a table with a million entries,
a million comparisons will be made in
the worst case.

The answer is only slightly more diffi-
cult for binary search. Since Algorithm
B discards half of the table remaining
after each execution of step B4, it first
deals with the entire table, then half of
the table, then a quarter of the table,
then an eighth of the table and so on.
The maximum number of executions of
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step B4 will be &, where k is the smallest
integer such that 2* is greater than n. For
example, when binary search is applied
to a table with a million (106) entries, k
will be equal to 20, since 220 is greater
than 106 but 106 is greater than 219. Thus
if a table with 106 entries is searched
using Algorithm B, at most only 20 of
those entries will ever be examined in
any particular search.

From the standpoint of worst-case be-
havior, one can go further and say that
Algorithm B is not only a good way to
search; it is actually the best possible
search algorithm that proceeds solely by
comparing x to keys in the table. The
reason is that a comparison-based algo-
rithm cannot possibly examine more
than 2% — 1 different keys during its first
k comparisons. No matter what strategy
is adopted, the first comparison always
selects a particular key of the table and
the second comparison will be with at
most two other keys (depending on
whether x was less than or greater than
the first key); the third comparison will
be with at most four other keys; the
fourth comparison will be with at most
eight other keys, and so on. Therefore if
a comparison-based search algorithm
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makes no more than & comparisons, the
table can contain no more than
1+2+4+8+ -+ 2k-1 distinct keys,
and this sum equals 2k — 1.

The familiar game of Twenty Ques-
tions can be analyzed by reasoning in a
similar way. In this game one player
thinks of a secret object, the name of
which he conceals on a folded piece of
paper. The other players try to guess
what the object is by asking as many as
20 questions that must be answered only
by “Yes” or “No.” The other players are
also initially told whether the secret ob-
ject is animal, vegetable or mineral, or a
combination of those supposedly well-
defined attributes. By arguing as I have
in the preceding paragraph, one can
prove that the other players cannot pos-
sibly identify more than 223 different ob-
jects correctly, no matter how clever
their questions are. There are only 23 (or
eight) possible subsets of the set of at-
tributes animal, vegetable and mineral,
and there are only 220 possible outcomes
of the 20 yes-no questions. Thus the to-
tal number of objects one can possibly

INPUT [x = GRANT

identify is 223. The argument holds even
when each questicn asked depends on
the answers to the preceding questions.

Stating this conclusion another way, if
more than 223 different objects must be
identified, 20 questions will not always
be enough. The search problem is simi-
lar but not quite the same, since an algo-
rithm for searching does not simply ask
yes-no questions. The questions asked
by algorithms of the type we are consid-
ering have three possible outcomes,
namely x < KEY[/] or x = KEY][/] or
x > KEY[j]. When a table contains 2k
or more entries, the above reasoning
proves that k comparisons of x with keys
in the table will not always be enough.
Therefore every algorithm that searches
a table of a million words by making
comparisons must in some instances ex-
amine 20 or more of those words. In
short, binary search has the best possible
worst case.

The worst-case behavior of an algo-
rithm is not the whole story, since it is
overly pessimistic to base decisions en-
tirely on one’s knowledge of the worst

that can happen. A more meaningful
understanding of the relative merits of
algorithms A and B can be gained by
analyzing their average-case behavior.
If each of the n keys in a table is equally
likely to be looked up, what is the aver-
age number of comparisons that will be
needed? For sequential search (Algo-
rithm A) the answer is the simple aver-
age (1+2+3+ -+ n)/n, which is
equal to (n + 1)/2. In other words, to
find x with Algorithm A one will on the
average have to search through about
half of the table. To determine the aver-
age number of comparisons needed to
find x using binary search (Algorithm
B), the mathematics is only a little more
complicated. In this case the answer
is k — [(2k — k — 1)/n], where k, as be-
fore, is the number of comparisons re-
quired in the worst case. For large val-
ues of n this answer is approximately
equal to k — 1; therefore the average
case of Algorithm B is only about one
comparison less than its worst case. By
carefully extending the argument made
earlier it is possible to show that binary

f =26
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BINARY-SEARCH ALGORITHM (Algorithm B in the text) is a
substantial improvement over the sequential-search algorithm when
the table to be searched is large. The entries in the table must first be
arranged in order. Here the 25 names are listed in alphabetical order.
Again the input word x sought is “Grant”. The algorithm compares
“Grant” first with the key in the middle location, j, of the table. It cal-
culates the initial value of j by setting the left boundary ! of the search
at 0 and the right boundary r at n + 1. In this case r is 26. Then [ and
r are added together and divided by 2, rounding down to the nearest
integer if the answer is not already an integer. The midpoint j of the
table is 26 /2, or 13, which is the location of “Lincoln” (top). Since the
name “Grant” is alphabetically less than “Lincoln”, the algorithm dis-

/
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cards the entire right half of the table, containing all names alphabeti-
cally greater than or equal to “Lincoln”. For the remaining half of
the table the algorithm calculates a new midpoint, first setting r equal
to the location j just examined, which is 13 (second from top). The
new midpoint j is (0 + 13)/2, which must be rounded down to 6, loca-
tion of “Garfield”. “Grant” is alphabetically greater than “Garfield”,
so that the left quarter of the table is discarded and the left boundary [
is set equal to 6 (second from bottom). When procedure is repeated
once more, “Grant” is found in position 7 (bottom). If input word x
had been “Gibbs”, Algorithm B would have executed one more step,
with [ still equal to 6 and r set at 7. Midpoint j would have been 6,
which is left boundary of search, meaning that “Gibbs” is not in table.



The legend continues...

Introducing the world’s most
sophisticated Diesel passenger car.
The new Mercedes-Benz 300D.

|
31 g

The new, 5-passenger Mercedes-Benz 300D — the state of the Diesel passenger car art.

Here is a most ingenious alternative to the conven-
tional automobile. A truly remarkable new Mercedes-

Benz. With a contemporary new look.With ample room
for five people, an astonishing 5-cylinder engine and
an unusually complete array of luxurious appointments and safety sys-
tems. The new 300D. The most sophisticated Diesel passenger car the

world has ever seen.

For vyears, you've heard about
exotic and promising alternatives to
the conventional automobile engine.
To date, only one alternative has kept
its promise: the Diesel engine—for
over 60 years, the most efficient com-
bustion power plant in use.

Now Mercedes-Benz has synthe-
sized its proven, 5-cylinder Diesel
engine with new, technologically ad-
vanced body design, suspension, steer-
ing and safety systems to produce the
most ingenious alternative to the con-
ventional automobile.

A matter of taste

Though only a trim 190.9 inches from
bumper to bumper, the new 300D is
an honest 5-passenger sedan. The
secret of its spaciousness lies in new
Mercedes-Benz technology that puts
the room in the car in the car—with-

out adding bulk or sacrificing safety.

Enter a new 300D and you're sur-
rounded by a complete array of security
and convenience features. All are
standard equipment. Such things as
cruise control, bi-level climate con-
trol, electric windows, AM/FM radio,
central locking system, 3-speed wind-
shield wipers.

The new 300D is not an exercise
in opulence. But it does exhibit meticu-
lous taste. And as your senses will tell
you, there’s quite a difference between
the two ideas.

Sports car handling
The new 300D is one of the most
sparkling road cars Mercedes-Benz has
ever engineered. Its sophisticated
power train, suspension and steering
are those of a sports car. And that is

why the new 300D handles like one.

© 1977 SCIENTIFIC AMERICAN, INC

This content downloaded from

The new 300D’s unique, 5-cylinder
engine is the most powerful, the
smoothest Diesel yet engineered into
a passenger car. But you pay no penalty
for this performance bonus. The EPA
estimates that the new 300D should
deliver up to 28 mpg on the highway,
23 mpg in town. (Your mileage will
depend on how and where you drive
and the condition and equipment of
your car.)

The state of the art

For over 40 years, Mercedes-Benz has
pioneered many of the major advances
in Diesel passenger car engineering.
The new 300D is the culmination of
that experience. It is the state of the
Diesel passenger car art.

Test drive the new 300D. Experi-
ence the most ingenious alternative to
the conventional automobile. The
most sophisticated Diesel
passenger car in the world.

Mercedes-Benz

Engineered like no other car

in the world.
©Mercedes-Benz, 1977
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The Small Computer

Twenty-five years ago a computer as powerful as the
new Processor Technology Sol-20 priced out at a cool million.

Now for only $995 in kit form or $1495 fully
assembled and tested you can have your own small computer
with perhaps even more power. It comes in a package about the
size of a typewriter. And there’s nothing like it on the market
today. Not from IBM, Burroughs, DEC, HP or anybody else!

It fills a new role

If you’re an engineer, scientist or businessman, the
Sol-20 can help you solve many or all of your design problems,
help you quantify research, and handle the books too. For not
much more than the price of a good calculator, you can have high
level computer power.

Use it in the office, lab, plant or home

Sol-20 is a smart terminal for distributed processing.
Sol-20 is a stand alone computer for data collection, handling
and analysis. Sol-20 is a text editor. In fact, Sol-20 is the key
element of a full fledged computer system including hardware,
software and peripheral gear. It’s a computer system with a
keyboard, extra memory, I/O interfaces, factory backup, service
notes, users group.

It’s a computer you can take home after hours to play
or create sophisticated games, do your personal books and taxes,
and a whole host of other tasks.

Those of you who are familiar with small computers
will recognize what an advance the Sol-20 is.

Sol-20 offers all these features as standard:

8080 microprocessor — 1024 character video display
circuitry — control PROM memory — 1024 words of static low-
power RAM—1024 words of preprogrammed PROM —built-in
cassette interface capable of controlling two recorders at 1200
bits per second — both parallel and serial standardized interface
connectors — a complete power supply including ultra quiet
fan — a beautiful case with solid walnut sides — software which
includes a preprogrammed PROM personality module and a data
cassette with BASIC-5 language plus two sophisticated computer
video games — the ability to work with all S-100 bus products.

Full expansion capability

Tailor the Sol-20 system to your applications with our
complete line of peripheral products. These include the video
monitor, audio cassette and digital tape systems, dual floppy
disc system, expansion memories, and interfaces.
Write for our new 22 page catalog.

Get all the details.
Processor Technology, Box N, 6200 Hollis St.,
Emeryville, CA 94608. (415) 652-8080.

[OpEi===2Y
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search is also the best possible algorithm
from the standpoint of the average case:
every search algorithm must make at
least k — [(2k — k — 1)/n] comparisons
on the average, and many do worse.

Better than the Best

As soon as something has been proved
impossible, a lot of people immediately
try to do it anyway. This seems to be an
inherent component of human behav-
ior. I have just proved that binary search
is the best possible way to search a com-
puter’s memory, and so naturally I shall
now look for a better way.

In the first place, when the number of
words in a table is small, Algorithm A
actually turns out to be better than Al-
gorithm B. Why does this not contradict
the proof that binary search is best? The
reason is that in comparing Algorithm A
and Algorithm B I have so far been con-
trasting only the number of compari-
sons each algorithm makes. Actually
Algorithm A requires less bookkeeping
activity, so that it takes less time for a
machine to execute each comparison.
On a typical computer Algorithm A can
be made to take about 2n + 6 units
of time, on the average, for a table of
size n. Algorithm B, on the other
hand, will require an average of about
12loggn — 11 + 12(k + 1)/n units of
time, under the same assumptions. Thus
unless there are 20 or more keys to be
searched, Algorithm A will be better
than Algorithm B. These numbers will
vary slightly from computer to comput-
er, but they show that the efficiency of
an algorithm cannot be determined by
counting only the comparisons made.

There is another reason Algorithm B
can be beaten. When we look up some-
one’s name in a telephone directory and
compare the desired name x with the
names on a page, our subsequent action
is not influenced solely by whether the
comparison shows that the desired
name is alphabetically less than or
greater than the names on the page; we
also observe how much less than or how
much greater than, and we turn over a
larger chunk of pages if we think we are
farther from the goal. The above proof
that binary search is best does not apply
to algorithms that make use of such
things as the degree of difference be-
tween x and a particular key. The proof
for Twenty Questions can be attacked
on similar grounds. For example, the
players might notice the length of the
secret word as it is being written down,
or they might be able to gain informa-
tion from the length of time the player
being questioned hesitates before an-
swering “Yes” or “No.”

Therefore a human being concerned
about efficiency need not begin search-
ing a telephone directory by bisecting it
as a computer would; the time-honored
method of interpolation with the aid of
alphabetical order probably works bet-
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Bt./«0,r<n#+1

[ —

rd R
\b ¥ /4 \
B2. j « |(+n)/2] ro | loj

B3.]=1? — L—% B4. COMPARE x: KEY [/ ]
YES

\'
OUTPUT 0 OUTPUT

sToP STOP

FLOW CHART OF ALGORITHM B illustrates the rules governing binary search. The algo-
rithm searches for the input word x in a table of n keys that have previously been arranged in
order. First x is compared with the middle entry of the table. If x is greater than ( > ) the middle
entry, it is compared with the midpoint of the right half of the table. If x is less than ( < ) the mid-
dle entry, it is compared with the midpoint of the left half of the table. The process continues,
with half of the remaining table being discarded each time, until either x is found or the search
reveals that x is not in the table. The half brackets (| |) mean “Round down to the nearest inte-
ger.” Like Algorithm A, Algorithm B is written out in detail in first column of text on page 65.

ter in spite of the proof that the binary
search is best. In fact, Andrew C. Yao
of the Massachusetts Institute of Tech-
nology and F. Frances Yao of Brown
University have recently shown that the
average number of times an interpola-
tion-search algorithm needs to access
the table is only logylogsn plus at
most a small constant, provided that
the table entries are independent and
uniformly distributed random numbers.
When n is very large, logslogsn is
much smaller than logy n, so that inter-
polation search will be significantly fast-
er than binary search. The idea under-
lying the Yaos’ proof is that each itera-
tion of an interpolation search tends to
reduce the uncertainty of the position
of x from n to the squareroot of n. Fur-
thermore, they have proved that inter-
polation search is nearly the best pos-
sible, in a very broad sense: any algo-
rithm that searches such a random table
by making appropriate comparisons
must examine approximately log, logs n
entries, on the average.

These results are of great theoretical
importance, although computational
experience has shown that an interpola-
tion search is usually not an improve-
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ment over binary search in practice. The
reason is that the data stored in a table
are typically not random enough to con-
form to the assumption of a uniform
distribution; in addition n is typically
small enough so that the extra calcula-
tion per comparison required by each
interpolation outweighs the amount of
time saved by reducing the number of
comparisons. The simplicity of binary
search is one of its virtues, and it is im-
portant to maintain a proper balance be-
tween theory and practice.

Binary Tree Search

The binary search can be improved,
however, in another way: by dropping
the assumption that every key in the ta-
ble is equally likely to be sought. When
some keys are known to be far more
likely candidates than others, an effi-
cient algorithm will examine the more
likely ones first.

Before we explore this notion it will
be helpful to look first at the binary
search in a different way. Consider the
31 words that are used most frequent-
ly in the English language (according
to Helen Fouché Gaines in her book
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TWO ANSWERS

THE GAME TWENTY QUESTIONS demonstrates a fundamental
limitation on the power of any branching-search method. In the game
one player thinks of an object, which he describes as being animal,
vegetable or mineral, or any combination of those characteristics. The

Cryptanalysis). When these words are
arranged alphabetically in the locations
KEY[1], KEY[2], KEY[3]...., KEY[31]
of a table, Algorithm B first compares
the desired word x to the midpoint
KEY[16], which is the word “T". If x is
alphabetically less than “I”, the next
comparison will be with KEY[8], which
is the word “by”’; if x is greater than “I”,
the next comparison will be with
KEY[24], which is “that”. In other
words, Algorithm B acts on the table of
words by following a structure that
looks like an upside-down tree, starting
at the top and going down to the left
when x is less and down to the right
when x is greater [see top illustration on
page 72]. It is not hard to see that any
algorithm designed to search an ordered
table purely by making comparisons can
be described by a similar binary tree.

The tree for binary search is defined
implicitly in Algorithm B by arithmetic
operations on /, » and j. It can also be
defined explicitly by storing the tree in-
formation in the table of words itself.
For this purpose let LEFT[/] be the posi-
tion in the table at which we are to look
if word x is less than KEY([/], and let
RIGHT]/] be the position at which we
are to look if x is greater than KEY[/].
For example, binary search in a table of
31 words would have LEFT[16] equal
to 8 and RIGHT([16] equal to 24, since
the search starts at KEY[16] and then
proceeds to either KEY[8] or KEY[24].
If the search is to terminate unsuccess-
fully after determining that the desired
word x is less than KEY[/] or great-
er than KEY[j], we respectively let
LEFT[/] equal 0 or RIGHT(;] equal 0.
In the illustrations on page 72 those 0’s
are represented by little square nodes at
the bottom of the tree.

The location of the first key to be ex-
amined in a binary tree is traditionally
known as the root; in the 3 1-word exam-
ple the root is 16. It is possible to con-
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struct search algorithms that do not start
by looking at KEY[16], and these may
well be more efficient than Algorithm B
if some words are looked up much more
often than others. A generalized tree-
search procedure follows:

Algorithm C; tree search.

C1. [Initialize.] Set j equal to the loca-
tion of the root of the binary search tree.

C2. [Unsuccessful?] If j = 0, output j
and terminate the algorithm.

C3. [Compare.]If x = KEY[/], output
j and terminate the algorithm. If
x < KEY[j], set j—LEFT[;] and go
back to step C2. If x> KEY[/], set
J—RIGHTY/] and go back to step C2.

Algorithm C is analogous to a pro-
grammed textbook in which, depending
on the answer to a certain question, each
page tells the reader what page to turn to
next. It works on any binary tree where
all keysaccessible from LEFT[/] are less
than KEY[/] and all keys accessible
from RIGHT[/] are greater than
KEY[/], for all locations j in the tree.
Such a tree is called a binary search tree.

One of the advantages of Algorithm C
over Algorithm B is that no arithmetic
calculation is necessary, so that the
search goes slightly faster on a comput-
er. The main advantage of Algorithm C,
however, is that the tree structure pro-
vides extra flexibility because the entries
in the table can now be rearranged into
any order. It is no longer necessary that
KEYT[1] be less than KEY[2] and so on
up to KEY[n]. As long as the pointers
LEFT and RIGHT define a valid binary
search tree, the actual locations of the
keys in the table are irrelevant. This
means that one can add new entries to
the table without moving all the other
entries. For example, the word “has”
could be added to the 31-word binary
search tree simply by setting KEY[32] —
“has” and changing RIGHT[,] from 0 to
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opposing players try to guess what the object is by asking as many as
20 questions, which must be answered “Yes” or “No.” It can be proved
that the players cannot identify more than 223, or 8,388,608, objects
correctly. The reason is that the set of characteristics animal, vegeta-

32, where j is the location of the key
“had”. One might think that such addi-
tions at the bottom of the tree would
upset the balanced structure, but it can
be shown mathematically that if new en-
tries are added in random order, the re-
sult will almost surely be a reasonably
well-balanced tree.

Optimum Binary Search Trees

Since Algorithm C applies to any bi-
nary search tree, one can hand-tailor the
tree so that the most frequently exam-
ined keys are examined first. Such tailor-
ing reduces the average time required
for a computer to carry out the search,
although it cannot reduce the worst-case
time. The bottom illustration on page 72
shows the best possible binary search
tree for the 31 commonest English
words, based on Gaines’s estimates of
their frequency. The average number of
comparisons needed to search for x in
this optimum binary search tree is only
3.437, whereas the average number of
comparisons needed in the balanced bi-
nary search tree is 4.393. It is worth not-
ing that the optimum tree, which is
based on the frequencies of the words,
does not start by comparing x with the
word “the”. Even though “the” is by far
the commonest English word, it comes
so late in alphabetical order that it is too
far from the middle of the list to serve as
the optimum root.

From the standpoint of conventional
mathematics it is trivial to find the opti-
mum binary tree for any particular set
of n words and frequencies because
there are only finitely many search trees.
In principle one merely has to list all the
trees and choose the one that works best.
In practice, however, this observation is
useless because the number of possible
binary trees with n elements is equal to
2n)!/n!(n + 1)!, where n! stands for the
product 1 X2 X 3 X - X n. This for-
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ble and mineral has only eight, or 23, possible subsets (including the
null set § for an object with none of those characteristics), and these
eight possibilities combine with only 220 possible outcomes to the
20 yes-no questions. A similar argument can be used to show that a

mula shows that there are very many
binary trees indeed, approximately 47/
v/ (mn?) of them, where 7 is the famil-
iar 3.14159. For example, when n is 31,
the total number of possible binary trees
is 14,544,636,039,226,909, and each of
these 14 quadrillion trees will be opti-
mum for some set of assumed frequen-
cies for the 31 words. How, then, is it
possible to show that the particular tree
I have chosen is the best one for Gaines’s
frequencies? The fastest modern com-
puter is far from fast enough to examine
14 quadrillion individual possibilities:
if one tree were considered per micro-
second, the task would take 460 years.

There is, however, an important prin-
ciple that does make the computation
feasible: Every subtree of an optimum
tree must also be optimum. In the opti-
mum binary search tree for the 31 com-
monest English words the subtree to the
left of the word “of” must represent the
best possible way to search for the 20
words “a”, “and” and so on over to
“not”. If there were a better way, it
would lead to a better overall tree, and
the given tree would therefore not be
optimum. Similarly, in that subtree the
even smaller subtree to the right of “for”
must represent the best possible way to
search for the 11 words “from”, “had”
and so on over to “not”. Each subtree
corresponds to a set of consecutive
words KEY[i], KEY[i + 1],... KEY[/].
where 1< i< j< n. It is possible to de-
termine all the optimum subtrees by
finding the small ones first and doing the
computation in order of increasing val-
ues of j — i. For each choice of indices i
and j there are j — i + 1 possible roots
of the subtree. As one proceeds up the
tree with the computation and examines
each possible subtree root the optimum
subtrees to the left and right will have
already been calculated.

By this procedure the best possible bi-
nary search tree for n keys and frequen-
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cies can actually be found by doing
about n3 operations. In fact, I have been
able to improve the method even fur-
ther. so that the number of operations
required can be reduced to n2. In the
case of the 31 commonest words this
means that the optimum binary search
tree can be discovered after only 961
steps instead of 14 quadrillion.

I should point out that the preceding
paragraphs discuss several algorithms
whose sole purpose is to determine the
best binary search tree. In other words,
the output of those algorithms is itself
an algorithm for solving another prob-
lem! This example helps to explain why
computer science has been developing
so rapidly as an independent discipline.
In the study of how to use computers
properly, problems arise that are inter-
esting in their own right, and many of
these problems require both a new and
interrelated set of concepts and tech-
niques.

It is amusing and instructive to con-
sider the worst possible binary search
tree for the 31 commonest English
words in order to see how bad things
could possibly become with Algorithm
C. As in the case of the optimal trees,
there is a way to determine such “pessi-
mal” trees in about n2 operations. For
the 31 words with Gaines’s frequencies
the pessimal binary search tree requires
Algorithm C to make an average of
19.158 comparisons per search. By way
of comparison the worst arrangement of
the keys for a sequential search requires
Algorithm A to make an average of
22.907 comparisons per search. Hence
even the worst case for Algorithm C can
never be quite as bad as the worst case
for Algorithm A.

Hashing

The above algorithms for searching
are closely related to the way people
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search algorithm asking at most 20 “less-equal-greater” questions
cannot distinguish more than 220 — 1 different key values, since 1 +
+ 219 = 220 — 1.Binarysearchis able to attain thismax-
imum limit, thus it is the most efficient search algorithm of its kind.

look for words in a dictionary. There is
actually a much better way to search
through a large collection of words by
computer. It is called hashing, and itisa
completely different approach that is
quite unsuitable for human use because
it is based on a machine’s ability to do
arithmetic at high speeds. The idea is to
treat the letters of words as if they were
numbers (a =1, b=12, ¢ = 3 and so on
through z = 26) and then to hash, or
scramble, the numbers in some way in
order to get a single number for each
word. The number is the “hash address”
of the word; it tells the computer where
to look for the word in the table.

In the case of the 31 commonest En-
glish words we could convert each key
into a number between 1 and 32 by add-
ing up the numerical values of its letters
and throwing away excess multiples of
32. For example, the hash address of
“the” would be 20+ 8 +5—32=1,
the hash address of “of” would be
15+ 6 =21, and so on for the rest of
the list. If one is lucky, each word will
lead to a different hash address and any
search will be very fast.

In general, suppose there are m loca-
tions in the computer’s memory, and
suppose we want to store n keys, where
m is greater than n. Since nisequal to 31,
let us say m is equal to 32. Suppose also
there is a hash function A(x) that con-
verts each possible word x into a num-
ber between 1 and m. A good hash func-
tion will have the property that A(x) is
unlikely to be equal to A(y), if x and y are
different words to be put into the table.

Unless m is much larger than n, how-
ever, nearly every hash function will
lead to at least a few ‘“collisions” be-
tween the values A(x) and A(p). It is ex-
tremely improbable that » independent
random numbers between 1 and m will
all be different. Consider a common ex-
ample: It is well known that when 23 or
more people are present in the same
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room there is a better than even chance
that two of them will have the same
birthday. Moreover, in a group of 88
people it is likely that there will be three
individuals with the same birthday. Al-
though this phenomenon seems para-
doxical to many people, the mathemat-
ics can be easily checked, and many

seemingly impossible coincidences can
be explained in the same way.

Another way to state the birthday par-
adox is to say that a hash function with
m equal to 365 and n equal to 23 will
have at least one collision, more often
than not. Thus any search procedure
based on a hash function must be able

16

to deal with the problem of collisions.

Suppose we want to search a table for
x but the hash address 4(x) already con-
tains word y. The simplest way to handle
the collision is to search through loca-
tions A(x), h(x) — 1, h(x) — 2 and so on
until we either find x or come to an emp-
ty position. If the search runs off one end

30

[witH]

BINARY SEARCH TREE is implicit in Algorithm B. Here a tree
graphically illustrates the order in which Algorithm B would probe
an alphabetical table of the 31 commonest words in English. Starting
at the “root,” or top, of the tree, the input word x is first compared
with the midpoint of the table, the word “I”. If x is alphabetically
smaller than “I”, the search proceeds down the left branch of the tree;
if x is greater, the search proceeds down the right branch. For ex-
ample, if x is the word “from?”, the search first finds that x is less than

R

“I”, then that x is greater than “by”, then that x is less than “have”, fi-
nally that x is equal to “from”. If x were not in the table, the search
would stop at one of the 32 zeros (square nodes) at bottom of the tree.
When branches of tree are represented explicitly in computer’s mem-
ory, rather than implicitly as in Algorithm B (which requires calcula-
tion of midpoints), search goes slightly faster. It also becomes easier
to insert new information: if one wants to add “has” (word in gray)
to tree, one inserts it in alphabetical order in place of one of zeros.

1,853 r 392 1 062 1
[\ é] / /
ARE AT BUT [FR om] L VE | [ HER |
1,053 1.3 1,093

dhdbdt dbdbdhdh

OPTIMUM BINARY SEARCH TREE shows the best order of the
31 words in the tree, based on the relative frequency of each word es-
timated by Helen Fouché Gaines. The frequency of each word is rep-
resented by the number below it. This tree is not as well balanced as
the tree implicitly defined by the standard binary-search algorithm
and shown in illustration above, and the search will therefore take

72

I

1 291

longer in some cases. For example, to find the word “from” in this tree
takes six steps instead of four (path in gray and color). On the average
the optimum tree is faster for a computer to search, however, because
the commoner words are tested sooner. Note that although the word
“the” is by far the most frequently used word in English, it is not
placed at root of the tree because it is too far from center of alphabet.
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Grapes, like children, need love and affection.

Here in the Almadén Vinevards in Northern California we coddle and
protect owr children, the grapes of Almadén

The fruit if our efforts can be seen in our versatile Grenache Rose
Carefully nurtured from the descendants of the famed Grenache
grapes of Tavel, this Rosé is fruity, light and refreshing

Its the perfect "goes with everything " wing

Yes, we ari ,’I.'fnlrd' Jrlrents

O

Almadeén
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olaroid Type 665 Positive/ Negative Film is  inch positives for reference purposes. And negatives

now a preservative agent: The Royal Photo-  of superb quality for high fidelity reproductions.
graphic Society of Great Britain chose it to copy over  The negatives’ high resolution permits great enlar ge-
12,000 rare masterpieces (like the one below) from  ment without loss of detail. And their wide tonal
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inal prints. Furthermore, since the Polaroid prints  moved to safe storage under optimum conditions
and negatives are produced in only 30 seconds, the  with no further handling risks. Thus, in a manner of
original photographs can lie, untouched, under the  speaking, some of the great pioneers in the history
camera until the archivist knows he has satisfactory  of British photography will owe their lasting repu-
copies. The irreplaceable originals can then be re-  tations to a film made by Polaroid Corporation.
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The new $2984 Colt.
lsnt a Datsun.
lsnt a loyota.

Its a lot of Iittle Dodge.

The new Dodge Colt is estimates** Your mileage may in all windows, carpeting, adjustable
such a lot of car, it's got Mr. D. vary, according to your car's steering column, simulated wood-
and Mr. T. confused. Because Colt  condition, equipment, and your grained instrument panel, four-
offers you the value you'd expect  driving habits. And Dodge Colt speed manual transmission, quiet
from this import, plus Dodge Colt runs on either regular or unieaded sound insulation, trip odometer,
sales and service coast to coast. gas. locking gas cap, and electric rear

47 MPG highway, 30 Looking for a long list of  window defroster.

MPG city. Colt will give you standard features?well, you get it And we offer you an optional

great mileage, according to EPA on all of our '77 Colt models. Even  automatic transmission to go with
our lowest priced two-door coupe the standard 1.6 liter engine.

gives you whitewall tireg, two So if you're thinking
; / reclining bucket seats, tinted glass  “import; think about Dodge
' Vé nce, Mr D Colt. It's not a Datsun. Not a Toyota.
/

For $2984, it's a lot of little Dodge.

See it at your Dodge Colt Dealer's.
[} 7')604/ Ar. ' /4 *Manufacturer's suggested retail price, not
I g /7 WaS- W/S; /W r including destination charge, taxes, title, and

options. California prices higher.

**Equipped with standard 1.6 liter engine,

four-speed manual transmission, and 3.31
rear axle ratio. California mileage lower.
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of the table before it is completed, it
resumes at the other end. This proce-
dure, which is known as linear probing,
can be spelled out in an algorithm:

Algorithm D; hashing with linear
probing.

D1. [Initialize.] Set j — A(x).

D2. [Unsuccessful?] If table entry j is
empty, output 0 and terminate the algo-
rithm.

D3. [Successful?] If x = KEY[/], out-
put j and terminate the algorithm.

D4. [Move to next location.] Set
j—Jj—1;thenif j =0, set j— m. (Loca-
tion m is considered to be next to loca-
tion 1.) Return to step D2.

If x is not in the table, and if the algo-
rithm terminates unsuccessfully in step
D2 because table entry j is empty, we
could set KEY[j]— x using the current
value of j. This would insert x into the
table so that the algorithm could re-
trieve it later. A subsequent search for x
will follow the same path as it did the
first time, starting at position 4(x), mov-
ing to A(x) — 1 and so on, finding x in
position j. Thus the search will proceed
properly even when collisions occur.

Returning to the example of the 31
commonest English words, suppose the
words are inserted one by one into an
initially empty table in decreasing order
of their frequency (“the” is inserted first,
“of” is inserted second and so on). The
result is the hash table shown in the illus-
tration on the next page. Most of the
words appear at or near their hash ad-
dresses except for the ones that are in-
serted into the table last; the least fre-
quent word, “this”, has been placed in
position 8 although its hash address is
24, because positions 9 through 24 were
already filled by the time it was inserted.
In spite of such anomalies the average
number of times the table must be
probed by Algorithm D in order to find
a word turns out to be only 1.666—Iless
than half the average number of com-
parisons required to find the word with
the optimum binary search tree. Of
course, the time needed to compute A(x)
in step D1 must be added to the time for
probing the table. For large collections
of data, however, the hashing method
will significantly outperform any bina-
ry-comparison algorithm.

In practice one would almost never let
a hash table get as full as it does in the
example. The number m of table posi-
tions available is usually chosen to be so
large that the table will never become
more than 80 or 90 percent full. It can be
shown that the average number of

“PESSIMAL” TREE shows the worst possi-
ble binary search tree for searching for the
31 commonest English words. This tree has
lost advantage of tree structure because one
branch of each comparison is always “dead.”
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“HASH” TABLE provides a better way for a
computer to search through large files of data.
For each word x one uses a computer’s ability
to do high-speed arithmetic by computing a
hash address h(x), where the search for x is
to start. The hash address for each of the 31
commonest words is shown in parentheses af-
ter each word; in this example each hash ad-
dress was obtained by adding the numerical
value of each letter (a = 1, » = 2 and so on up
to z = 26) and discarding excess multiples of
32. Sometimes two different words x and y
have the same hash address h(x), so that they
“collide.” If x is not stored in position h(x), the
search continues upward through positions
h(x) — 1, h(x) — 2 and so on. For example, the
hash address of “his” is h +i+ s, or 8 +9 +
19 — 32 = 4. The hash address of “have” is also
4. To search for “have” the algorithm looks
first in position 4 (light gray), then in position
3 (dark gray) and finally in position 2 (color),
where “have” is located. If word x is not in ta-
ble, search for it will stop at empty position S.
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probes needed to find one word out of »
equally likely words that have been ran-
domly inserted into a table of size m is
1 +[(n—1)/m+ (n— 1)n—2)/m2 +
(n — 1)n — 2)(n — 3)/m3+ - ]/2.Let
the symbol a stand for n/m, the fullness
ratio or “load factor” of the table. As n
approaches infinity it can be shown that
the average number of probes required
to find any word x in a table approach-
es the value 1 + (a + a2+ a3+ )/2.
which is equal to [1 + 1/(1 — a)]/2.
Furthermore, the true average number
of probes will always be less than this
limiting value. Therefore when the table
being searched is 80 percent full, Algo-
rithm D makes fewer than three probes
per successful search on the average.

It is important to note that the stated
upper limit on the average number of
probes per successful search holds for
all tables that are equally full, no matter
how large the table is. The same cannot
be said about binary-comparison algo-
rithms, because their average running
time per successful search will grow ar-
bitrarily large as the number » of words
to be searched increases.

Improving Unsuccessful Searches

My statements in the preceding para-
graphs about the small number of
probes required with Algorithm D ap-
ply only to cases where x is actually
found in the table. If x is not present, the
average number of probes needed to
ascertain that fact will be larger.
namely 1 + [2n/m + 3n(n — 1) / m2
+ 4n(n — 1)(n —2)/m3 + --1/2; when
n is large, this number is approximately
equal to [1 + 1/(1 — a)2]/2. In other
words, an average unsuccessful search
in a large hash table that is 80 percent
full requires nearly 13 probes. More-
over, in my example of the 31 words in
32 spaces, note that all unsuccessful
searches must terminate at the single
empty position 5 regardless of the loca-
tion of the starting address 4(x). A pre-
cisely analogous situation occurred with
the sequential search Algorithm A,
where all unsuccessful searches end at
position 0.

In 1973 O. Amble of the University of
Oslo noted that the problem of unsuc-
cessful search could be alleviated by
combining the concept of hashing with
the concept of alphabetical order. Sup-
pose the 31 commonest English words
are inserted into the table in decreasing
alphabetical order instead of in decreas-
ing order of frequency. Since the table is
probed by starting at the address /(x)
and moving to A(x) — 1 and so on, all
words lying between the address A(x)
and the actual location of x must be al-
phabetically greater than x lest there be
a collision. A search for x can therefore
be terminated unsuccessfully whenever
a word alphabetically less than x is en-
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countered. In other words, the following
algorithm can be used:

Algorithm E; linear probing in an or-
dered hash table. This algorithm as-
sumes that KEY[/] is O when entry j is
empty, and that all words x have a nu-
merical value that is greater than 0.

E1. [Initialize.] Set j — A(x).

E2. [Unsuccessful?] If KEY[/]< x,
output 0 and terminate the algorithm.

E3. [Successful?] If KEY[/] = x, out-
put j and terminate the algorithm.

E4. [Move to next.] Set j—j — 1; then
if j =0, set j— m. Return to step E2.

The advantage of Algorithm E is il-
lustrated in the ordered hash table on
page 80. Suppose one wants to deter-
mine if “has” is one of the 31 common-
est English words. Its hash address is
8 + 1+ 19 = 28. With Algorithm E the
search terminates in six steps when it
reachesj = 22 (“'by”) instead of continu-
ing through the table until it encounters
the empty table entry at j = 5.

In an ordered hash table the average
number of probes per unsuccessful
search is reduced to |+ [n/m+
nn—1)/m2+ nmn—10—2)/ m3
+ ]/2. and this number is always less
than [1 + 1/(1 — a)]/2. Thus the limit
for a successful search and the limit for
an unsuccessful one are identical. On
the average, when an ordered hash table
is 80 percent full, Algorithm E will
make less than three probes regardless
of the size of n.

This is all very well if the ordered
hash table has been set up by inserting
the keys in decreasing alphabetical or-
der as I have described it. In practice,
however, one cannot always assume
that the words of a table have been en-
tered in such a manner. Tables often
grow dynamically with use, and new
words enter in random order. Although
the structure of a binary tree (Algorithm
C) and of an unordered hash table (Al-
gorithm D) will handle dynamic growth
with ease, the structure of an ordered
hash table (Algorithm E) is not so obvi-
ously adaptable. Fortunately there is a
very simple algorithm for inserting a
new word into an ordered hash table:

Algorithm F; insertion into an or-
dered hash table. This algorithm puts a
new word x into an ordered hash table
and appropriately rearranges the other
entries so that searching with Algorithm
E remains valid.

F1. [Initialize.] Set j — A(x).

F2. [Compare.] If KEY[/]< x, inter-
change the values of KEY[/] and x.
(That is, set x to the former value of
KEY([/] and set KEY[/] to the former
value of x.)

F3. [Done?] If x =0, terminate the
algorithm.

F4.[Move to next.] Set j—j — 1: then



The Bang & Olufsen Beosystem 1900.
It's so simple, most people don’t get it.

The tumntable, taken to its logical conclusion. The
Beogram® 1900 turntable’s very low mass tone arm and MMC
4000 cartridge work magnificently with each other, because
they are made to work with each other, by engineers who talk
to each other, listen to
each other, and design for
each other. If that strikes
you as overwhelmingly
logical, you'd be sur-
prised how other turn-
tables are put together

A scratched record is forever. (How to protect your
investment.) No matter how little you've spent on your record
collection, chances are some of it is irreplaceable, which
makes it priceless. It makes sense to protect it—the way our
MMC 4000 cartridge does with an effective tip mass of only 0.4
milligrams. (A tiny square of this page, this big D weighs 1.0
milligram.) This results in a touch so delicate Q that it's

9

An altemative to the airplane cockpit school of audio
design. It's not knobs and dials that make superb sound, it's
superb engineering.
In the Beosystem
1900, there is almost
none of the former,
and a great deal of

almost impossible to scratch your records while playing
the latter.

them. It also reduces wear considerably enablin your
records to continue working well past normal retirement age.

A few cases in point:

Your finger, the component. \Vith the Beomaster®
1900, you become part of the system. All major controls are
electronically activated by a light touch of your finger on the
front control panel. The instant you touch it, an illuminated
indicator appears for each function, you always know the
operational status of the 1900, even in the dark.

We don't recommend this,
but with the MMC 4000
cartridge, it won't hurt.

It's not size that counts. It's perfor-
mance. Can a speaker small enough to fit on
an eight-inch shelf (or unobtrusive enough to
hang on a wall) impress your audiophile

friends? Yes, if they keep their eyes closed

Q...and their ears open.

The missing link: Our 100% solution. Phase distor-
tion—a principal villain in speaker performance—was iden-
tified in 1973 by Bang & Olufsen engineers. The first practical
solution to the problem was presented in London in 1975 to
the international organization, the Audio Engineering Society,
by Bang & Olufsen engineers.

Today that solution is an integral part of our Beovox®
Phase-Link® Loudspeakers (Pat. Pend.).

For details, look inside. Secondary controls, for bass,
treble, and FM tuning, are
out of sight, literally—
concealed behind an
aluminum door that opens
and closes in a manner
reminiscent of the Starship
“Enterprise.”

If a child can operate it, will
an adult buy it? Because usabil-
ity is at the heart of the Beosystem
1900's design, it is true that a child
can operate it. But only a very
sophisticated adult can truly ap-
preciate it. Welcome. Write to us at:
Bang & Olufsen of America, 515
Busse Road, Dept. 13K Elk Grove
Village, Ilinois 60007, we'll be happy
to send you our brochure and
dealer list.

Bang & Olufsen

Thanks for the memory.
The Beomaster 1900 also allows
you one unforgettable conven-
ience. You may pre-set the vol-
ume level and pre-tune up to five
FM stations. Then, at the instant
you want it, you have the station
you want, at the level you want.
Why clutter your memory when
the system has one?
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Genuine
Unitron
telescopes

for under
$2000 °

Unitron 2-inch
refractor

Unitron 80mm
spotting scope.

Explore the moons of Jupiter or look
at a squirrel through the extraordinary
optics of a genuine Unitron telescope!
The two-inch Unitron refractor for
viewing the heavens is only $195 com-
plete, and the new 80mm Unitron
widefield spotting scope for terres-
trial observations starts at only $90!

A nice hobby gift for young and old!

Send coupon for additional infor-
mation and free catalog.

UN/ Tﬁ? ON The value line

|Unitron Instruments, Inc.
ISub. of Ehrenreich Photo-Optical Industries,lnol
101 Crossways Park West, Woodbury, NY 11797

USA (516) 364-8046 Dept. SA-4

|

I
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please print
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(swe————zp |
80

if j = 0, again set j — m. Go back to step
F2.

If we choose to insert the word “has”
into the ordered hash table of the 31
commonest English words by means of
Algorithm F, the procedure would place
“has” in position 22, making room for it
by moving “by” from position 22 to po-
sition 18, moving “at” from position 18

1 THE (1)
[ 2 HAVE “)
| 3 TO 3
4 HIS (4)
S
6 BE @)
7 FOR @
8 AND (19)
9 | 9

10 BUT (11

!
R E! WAS (11)
[ 12 HAD (13)
[ 13 I HE (13)
| 14 ARE (24)
!

15 AS (20)

16 NOT (17)

17 THAT an |

18 AT (@1 !

19 WHICH (19) |

20 FROM (20)

21 OF (21)

a2 BY (27)

23 IN (23)

24 THIS (24)

25 ] (28)

26 IT (29)

27 ON (29)

28 WITH (28)

29 YOu (29)

30 A (1)

31 HER (31)

32 OR (1) |
ORDERED HASH TABLE, which combines
the concept of hashing with the advantage of
alphabetical order, reveals more quickly when
the input word is not present. Here all the
words between position h(x) and the actual lo-
cation of x are alphabetically greater than x.
Thus an unsuccessful search need not stop
only at the empty position 5; it will also stop
as soon as a word alphabetically less than x is
encountered. If desired word x is “has”, with
hash address 28 (light gray), search will stop
when it reaches “by” at position 22 (dark gray).
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to position 15, moving “as” from posi-
tion 15 to position 14, moving ‘“are”
from position 14 to position 8 and final-
ly moving “and” from position 8 to the
empty position 5. That may seem like a
lot of work, but it takes only slightly
longer than the task of inserting “has”
into an unordered hash table using Al-
gorithm D. In general the insertion of a
word into an ordered hash table takes
the same number of iterations as the in-
sertion of the same word into an unor-
dered hash table. Furthermore, the aver-
age number of words in the table that
must be interchanged by way of step
F2 to accommodate the new word is
n—1/2m + 2(n—1)(n—2)/3m2
+ 3(n— 1)(n —2)/4m3 + ---, which is
approximately equal to 1/(1 —a)+
[log.(1 — a))/a, where e is the familiar
2.71828. Thus inserting words by Algo-
rithm F is quite a reasonable task.

In this specific case we actually should
not have inserted “has” into the table
because hash tables ought to have at
least one empty position. By coinci-
dence the smallest possible word in al-
phabetical order, “a”, is present in this
completely full table. Hence linear
probing with Algorithm E will still work
correctly in all cases. If “a” were not in
the table, however, an empty position
would be needed in order to avoid end-
less searching when the input word x
was equal to “a”.

One of the most surprising properties
of ordered hash tables is that each one is
unique. If we use Algorithm F to build
an ordered hash table from any set of
words, the same table will be obtained
regardless of the order in which the
words are inserted. The reader may find
it entertaining to prove this fact for him-
self.

Conclusion

My discussion of ways to search for
information stored in a computer’s
memory is intended to illustrate several
important points about algorithms in
general. As we have seen, an algorithm
must be stated precisely, and it is not as
easy to do that as one might think. When
one tries to solve a problem by comput-
er, the first algorithm that comes to
mind can usually be greatly improved.
Data structures such as binary trees are
important tools for the construction of
efficient algorithms. When one starts to
investigate how fast an algorithm is, or
when one attempts to find the best possi-
ble algorithm for a specific application,
interesting issues arise and one often
finds that the questions have subtle an-
swers. Even the “best possible” algo-
rithm can sometimes be improved if we
change the ground rules. Since comput-
ers “think” differently from people,
methods that work well for the human
mind are not necessarily the most effi-
cient when they are transferred to a
machine.



Suddenly from Datsun:

As car with everything
butl;o;g;rts car price.

Exit dull, sluggish economy cars. ' < . All for $34399! (Manufacturer's
Enter Datsun’s spicy 200-S5X. Sweet- . “ Suggested Retail Price not including
handling, Tasty appointments: And no \ h. destination charges, taxes, license or

bitter price to swallow. Enjoy: title fees and optional tape stripe and

Fun and frugal 5-speed. mag type wheel cover package.)
Sporty 5-speed transmission works £ Tough sport.
like overdrive. Thus, saving gas, Solid, all-steel unibody is but one
— According to EPA Extras ves'_Ema chsl; See example of how the Datsun 200-5X is
2\ estimates. 200-SX - AM/FM multiplex stereo radio put together to stay together, Fact is
b - - - Steel belted radial tires s :
squeezes 34 MPG on koo when we made this fun little car, we
j the Highway, 23 City. . i—fliﬂlu reclining bucket seats made sure of one thing.
¥ o N‘?mm“y' your actual - Cut-pile r.‘arpge!'in L The fun would last.
v || mileage depends on - Electric rear window defogger Suddenly it's going to dawn on you.
| driving habits, optional -Tinted alass ; VA QTN @ AR
A equipment and con- + Electric clock A \ J—S“Ui‘ \J W)/ \ | \
dition of car. California | « Sporty 5-speed gearbox j_r.l"‘ B e T
mileage lower » Power-assist front disc brakes My 'l{fk\j
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